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Abstrat
This paper provides a haraterization of homogeneous urves on a geometri ag mani-
fold whih are geodesi with respet to any invariant metri. We all suh urves homogeneous
equigeodesis. We also haraterize homogeneous equigeodesis whose assoiated Killing eld
is losed, hene, the orresponding geodesis is losed.
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1 Introdution
Let (M,g) be a Riemannian manifold and let γ be a geodesi passing at p ∈M with diretion
vetor X ∈ TpM. The geodesi γ is alled homogeneous if it is the orbit of a 1-parameter subgroup
of G, that is, γ(t) = expp(tX). Furthermore, (M,g) is alled a g.o. manifold (geodesi orbit
manifold) if every geodesi is homogeneous.
The g.o. property is partiularly meaningful if we restrit the disussion to homogeneous
spaes M = G/K and G-invariant metris g. In this ase, we may hoose p to be the origin, i.e.
the trivial oset, and identify TpM with the orresponding subspae of the Lie algebra g. The
set of g.o. manifolds inludes all the symmetri spaes; their lassiation up to dimension 6 an
be found in Kowalski and Vanheke [14℄.
The normal metri is g.o. on any ag manifold [8℄. Alekseevsky and Arvanitoyeorgos [1℄
showed that the only ag manifolds whih admit a g.o. metri not homotheti to the normal
metri are SO(2l+1)/U(l) and Sp(l)/U(1)×Sp(l−1). More reently, Alekseevsky and Nikonorov
[3℄ obtained a lassiation of ompat, simply-onneted homogeneous g.o. spaes with positive
Euler harateristi.
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Aording to Kowalski and Szenthe [13℄, every homogeneous Riemannian manifold admits ho-
mogeneous geodesis. In the present paper we show that every ag manifold of the Al type admits
homogeneous equigeodesis, namely homogeneous urves γ whih are geodesi with respet to
any G-invariant metri. We shall give a full haraterization of homogeneous equigeodesis γ in
terms of the orresponding vetors X, whih we all equigeodesi vetors. Our starting point is
the following algebrai haraterization:
Theorem 1.1. A tangent vetor X for the ag manifold F(n;n1, · · · , nk) is equigeodesi i
[X,ΛX]m = 0 for every invariant metri Λ.
By the lassial adjoint representation, X orresponds to an n × n skew-Hermitian matrix A
with bloks aij ∈Mni,nj(C), with aii = 0; similarly, the metri g is represented by a symmetri
n×n matrix Λ with positive entries λij , onstant in eah blok, with λii = 0. The inner produt
is g(X,Y ) = (ΛX,Y ) where the produt ΛX is the Hadamard (or termwise) produt ([11℄). In
these terms we show the following result. Reall that the vetor X extends uniquely to a Killing
eld whih ontains γ as a trajetory. If the Killing eld is losed, by denition γ is losed, but
the onverse need not hold.
Theorem 1.2. (i) X is equigeodesi i aijajm = 0 for all i, j,m distint, 1 ≤ i, j,m ≤ k.
(ii) The eigenvalues of A are ommensurate i X denes a losed Killing eld.
We show item (ii) by putting the matrix A in an essentially diagonal anonial form, and then
using a reent haraterization of losed Killing elds (Flores et al., [9℄).
In the speial ase of the full ag manifold, where bloks of A and Λ are salar, Theorem 1.2
simplies onsiderably:
Corollary 1.3. (i) X is equigeodesi in F(n) i A is permutation-similar to a diagonal matrix.
(ii) γ is losed if the entries (rather than eigenvalues) of A are ommensurate.
The simplest equigeodesi hoie is X ∈ uα, where A has a single pair of non-zero entries.
The resulting geodesi γ is losed, and a simpler argument sues to prove its losure. Indeed,
γ is embedded in a totally geodesi 2-sphere S2 embedded in F(n), having uα as a tangent spae.
Thus γ = S1, a losed geodesi.
In this onstrution, the urve γ and surfae S2 are both equiharmoni (for this notion, see
Blak [6℄) in F(n). We mention that a lass of equiharmoni maps from S2 to F(n) was found
by Negreiros in [15℄; and it is still an open problem whether any harmoni map between S2 and
F(n) is neessarily equiharmoni. In this paper we have shown that a homogeneous geodesi
urve need not be equigeodesi. We are now studying equigeodesis in ag manifolds of other
Lie groups (lassial and exeptional).
2 The geometry of ag manifolds
In this setion we briey review basi fats on the struture of homogeneous spaes and
ag manifolds; and desribe the T -roots system used in onstruting the partial ag manifold
2
F(n;n1, · · · , nk).
I. Homogeneous spaes. Consider the homogeneous manifold M = G/K with G a ompat
semi-simple Lie group and K a losed subgroup. Let g and k be the orresponding Lie algebras.
The Cartan-Killing form 〈, 〉 is nondegenerate and negative denite in g, thus giving rise to the
diret sum deomposition g = k⊕m where m is Ad(K)-invariant. We may identify m with the
tangent spae ToM at o = eK. The isotropy representation of a redutive homogeneous spae is
the homomorphism j : K −→ GL(ToM) given by j(k) = Ad(k)
∣∣
m
.
A metri g on M is dened by a salar produt on m has the form B(X,Y ) = −〈ΛX,Y 〉,
with Λ : m −→ m positive denite with respet to the Cartan-Killing form, see for example [8℄.
We denote by ds2Λ the invariant metri given by Λ. We abuse of notation and say that Λ itself
is an invariant metri.
II. Generalized ag manifolds. A homogeneous spae F = G/K is alled a generalized ag
manifold if G is simple and the isotropy group K is the entralizer of a one-parametrer subgroup
of G, exp tw (w ∈ g). Equivalently, F is an adjoint orbit Ad(G)w, where w ∈ g. The generalized
ag manifolds (also refered to as a Kählerian C-spaes) have been lassied in [7℄,[18℄.
Here the diret sum deomposition g = k⊕m has a more omplete desription (see e.g. [2℄,[4℄).
Let hC be a Cartan subalgebra of the omplexiation kC of k, whih is also a Cartan subalgebra
of gC. Let R and RK be the root systems of g
C
and kC, respetively, and RM = R\RK be the
set of omplementary roots. We have the Cartan deompositions
gC = hC ⊕
∑
α∈R
gα, k
C = hC ⊕
∑
α∈RK
gα, m
C =
∑
α∈RM
gα
where mC is isomorphi to (ToF )
C
and h = hC ∩ g. Thus, the real tangent spae of ToF is
naturally identied with
m =
⊕
α∈R+
M
uα.
Unless F is a full ag manifold, some of the spaes uα are not Ad(K)-modules. To get the
irreduible Ad(K)-modules, we proeed as in [2℄ or [5℄. Let
t = Z(kC) ∩ h = {X ∈ h : φ(x) = 0 ∀φ ∈ RK} .
If h∗ and t∗ are the dual spae of h and t respetively, we onsider the restrition map
κ : h∗ −→ t∗, κ(α) = α|t (1)
and set RT = κ(RM ). This set satises the axioms of a not neessarily redued root system,
and its elements are alled T -roots. The irreduible ad(kC)-invariant sub-modules of mC, and the
orresponding irreduible sub-modules for the ad(k)-module m, are given by
mCξ =
∑
κ(α)=ξ
gα (ξ ∈ RT ), mη =
∑
κ(α)=η
uα (η ∈ R
+
T ).
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Hene we have the diret sum of omplex and real irreduible modules,
mC =
∑
η∈RT
mCη , m =
∑
η∈R+
T
mη.
We x a Weyl basis in mC, namely, elements Xα ∈ gα suh that 〈Xα,X−α〉 = 1 and
[Xα,Xβ ] = mα,βXα+β , with mα,β ∈ R, mα,β = −mβ,α, mα,β = −m−α,−β and mα,β = 0 if α+ β
is not a root. The orresponding real Weyl basis in m onsists of the vetors Aα = Xα −X−α,
Sα = i(Xα +X−α) and uα = spanR {Aα, Sα}, where α ∈ R
+
, the set of positive roots.
An invariant metri g on F is uniquely dened by a salar produt B on mC of the form
B(· , ·) = −〈Λ· , ·〉 = λ1(−〈· , ·〉)|m1 + . . .+ λj(−〈· , ·〉)|mj ,
where λi > 0 and mi are the irreduible Ad(K)-sub-modules. Eah mi is an eigenspae of Λ
orresponding to the eigenvalue λi. In partiular, the vetors Aα, Sα of the real Weyl basis are
eigenvetors of Λ orreponding to the same eigenvalue λα.
III. Generalized ag manifolds of the geometri (or Al) type. These are the spaes of type
F(n;n1, . . . , ns) = SU(n) / S(U(n1)× . . .× U(ns)),
where n = n1 + . . .+ ns. Our desription of T -roots for these spaes follows [5℄.
The omplexiation of the real Lie algebra su(n) is sl(n,C). The Cartan sub-algebra of
sl(n,C) an be identied with h = {diag(ε1, . . . , εn); εi ∈ C,
∑
εi = 0}. The root system of the
Lie algebra of sl(n) has the form R = {αij = εi − εj : i 6= j} and the subset of positive roots is
R+ = {αij : i < j}. We have
RK = {ε
i
a − ε
i
b : 1 ≤ a 6= b ≤ ni},
R+K = {ε
i
a − ε
i
b : 1 ≤ a < b ≤ ni},
R+M = {ε
i
a − ε
j
b : i < j, 1 ≤ a ≤ ni, 1 ≤ b ≤ nj},
where we use the notation εia = εn1+...+ni−1+a. The sub-algebra t of h used in the onstrution
of T-roots onsists of positive diagonal matries of the form diag{λiIni}
s
i=1. We onlude that
the number of irreduible Ad(K)-submodules of F(n;n1 + . . . + ns) is
1
2s(s − 1). In the speial
ase of the full ag manifold F(n) := F(n; 1, · · · , 1), the sets of roots and T -roots oinide.
3 Equigeodesis on ag manifolds
With these preliminaries we an now disuss in full detail the haraterization of equigeodesi
vetors.
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Denition 3.1. Let (M = G/K, g) be a homogeneous Riemannian manifold. A geodesi γ(t)
on M through the origin o is alled homogeneous if it is the orbit of a 1-parameter subgroup of
G, that is,
γ(t) = (exp tX) · o,
where X ∈ g. The vetor X is alled a geodesi vetor.
Denition 3.1 establishes a 1:1 orrespondene between geodesi vetors X and homogeneous
geodesis at the origin. A result of Kowalski and Vanheke [14℄ implies, as a speial ase, the
following algebrai haraterization.
Theorem 3.2. If g is a G-invariant metri, a vetor X ∈ g \ {0} is a geodesi vetor i
g(Xm, [X,Z]m) = 0, (2)
for all Z ∈ m.
The following existene result is of interest:
Theorem 3.3 ([13℄). If G is semi-simple then M admits at least m = dim(M) mutually orthog-
onal homogenous geodesis through the origin o.
An example is the lassial ag manifold F(n) of real dimension n(n− 1) and the real Weyl
basis {Aα, Sα, α ∈ R
+} of the same size. Atually, these vetors are geodesi vetors with respet
to any invariant metri Λ on m, motivating the following denition.
Denition 3.4. A urve γ on G/H is an equigeodesi if it is a geodesi for any invariant
metri ds2Λ. If the equigeodesi is of the form γ(t) = (exp tX) · o, where X ∈ g, we say that γ is
a homogeneous equigeodesi and the vetor X is an equigeodesi vetor.
Theorem 3.2 simplies in the speial ase of ag manifolds and equigeodesi vetors.
Proposition 3.5. Let F be a ag manifold, with m isomorphi to ToF . A vetor X ∈ m is
equigeodesi i
[X,ΛX]m = 0, (3)
for any invariant metri Λ.
Proof: Let g be the metri assoiated with Λ. For X,Y ∈ m we have
g(X, [X,Y ]m) = −〈ΛX, [X,Y ]m〉 = −〈ΛX, [X,Y ]〉 = −〈[X,ΛX], Y 〉 ,
sine the deomposition g = m+ h is <,>-orthogonal and the Killing form is Ad(G)-invariant,
i.e., ad(X) is skew-Hermitian with respet to <,>. Therefore X is equigeodesi i [X,ΛX]m = 0
for any invariant salar produt Λ.
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In the ensuing analysis we assume F = F(n;n1, · · · , ns), a geometri ag manifold, and use
the lassial adjoint representation of G to express the equations [X,ΛX]m = 0 as a set of matrix
equations.
Denote by mC the omplexiation of the tangent spae m. We extend Λ and the isotropi
representation from m to mC. Considering mCij , the irreduible submodules of this representation,
we have Λ
∣∣
m
C
ij
= Λ
∣∣
m
C
ji
= λijId.
Denote by Eijpq the n× n matrix with 1 in position (n1 + . . .+ ni−1 + p, n1 + . . .+ nj−1 + q)
and zero elsewhere. The root spae assoiated with the root αijpq := εip − ε
j
q is the omplex span
of the matrix Eijpq. The matrix subspae
M ij = span
{
Eijpq
}
0<p≤ni, 0<q≤nj
(4)
is isomorphi over C to mCij . Every matrix A an be written as A =
∑
Aij , Aij ∈M ij . With Aij
we an assoiate a matrix aij ∈Mni,nj(C); speially, we dene
Aij =
∑
p, q
zpq E
ij
pq ⇒ aij =
∑
p, q
zpqEpq.
aij is the only non-trivial blok in A
ij
. Sine A is skew-Hermitian we have aij = −a
∗
ji.
Lemma 3.6. Let i, j,m ∈ [1, k] be distint. if X ∈M ij and Y ∈M jm then Z = [X,Y ] ∈M im.
Moreover, if X,Y,Z are represented by matrix bloks a ∈ Mni,nj(C), b ∈ Mnj ,nm(C) and c ∈
Mni,nm(C), repetively, then c = ab.
Proof: This follows from the observation that if α = αi k1p q1 and β = α
k2 j
p2 q then α + β is a root
exatly when k1 = k2 and q1 = p2, in whih ase α+ β = α
i j
p q.
We an now express the equigeodesi ondition in matrix terms.
Theorem 3.7. Let X =
∑
i,jX
ij ∈ mC be represented by the skew-Hermitian blok matrix A
with bloks aij ∈Mni,nj(C). Then X is equigeodesi i
aij ajm = 0 (i, j,m distint, 1 ≤ i, j,m ≤ k). (5)
Proof: Let Λij be the matrix with all-ones in the ij and ji bloks, and zeros otherwise. Eah
invariant metri Λ has the matrix representation Λ =
∑
λijΛij (λij > 0). It is lear that the
equation [X,ΛX] = 0 (X ∈ m) is equivalent to [X,ΛijX] = 0 for all 1 ≤ i, j ≤ k (i 6= j).
However, a simple alulation based on Lemma 3.6 shows that the j-th blok row of [X,ΛijX] =
[A,λij(A
ij + Aji)] onsists of the entries ajiaim (m 6= i, j). Thus, X is equigeodesi i all these
produts vanish.
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Aording to Theorem 3.7, the lassiation problem for equigeodesi vetors X in F(n;n1,
· · · , ns) redues to the lassiation problem for the assoiated skew-Hermitian n× n matrix A
(satisfying the ondition aijajm = 0), up to onjugation by the unitary subgroup Uˆ := ⊕
k
i=1Uni ⊂
Un. However, as we shall see, losedness of the assoiated Killing eld really depends on onju-
gation by the full unitary group, i.e. depends entirely on the eigenvalues of A. We start with
the following denition.
Denition 3.8. We say that a matrix A is essentially diagonal if A is permutation-similar to a
diagonal matrix, i.e. A ontains at most a single non-zero entry in eah row and olumn.
Analogously, we all A essentially blok-diagonal if A ontains at most a single non-zero
blok entry aij ∈Mni,nj(C) in eah blok-row of size ni and eah olumn-row of size nj).
In general, neither of these properties implies the other.
Corollary 3.9. X is equigeodesi whenever A is essentially blok-diagonal.
Indeed, if A is essentially blok-diagonal we have aijajm = a
∗
jiajm = 0 sine both aji and ajm
belong to the same blok row.
We remark that eah blok aij of A orresponds to one of the irreduible modules mξ dened
in the previous setion; moreover, a vetor X supported on mξ⊕mη is essentially blok-diagonal
exatly when both ξ ± η are not roots.
Theorem 3.10. (i) Every skew-Hermitian matrix A whih satises (5) is Uˆ -onjugate to an
essentially diagonal matrix J . (ii) The non-zero eigenvalues of A are equal to ±i times the
absolute value of the non-zero entries of J .
Proof: (i) First we disard a few simple ases. The diagonalization of eah blok aij (together
with aji) via the SVD algorithm (singular value deomposition, see e.g. [11℄ pp. 157) amounts
to a Uˆ onjugation whih is non-trivial only in its i and j blok omponents. If A is essentially
blok-diagonal, this step does not hange the remaining bloks in A, and we may diagonalize
them one by one till an essentially diagonal matrix J is obtained.
If A satises (5) but is not essentially blok-diagonal, a slightly more deliate argument
is needed. The skew-symmetry relations aij = −a
∗
ji (plus the Fredholm alternative Im[A] =
Ker[A∗]⊥) implies for i, j,m distint
(i) Im[aji] and Im[ajm] are orthogonal subspaes in C
nj ,
(ii) Ker[aij ] and Ker[amj ] are orthogonal subspaes in C
nj .
It follows that all the bloks aij have orthogonal okernels and orthogonal image spaes, hene
a single Uˆ -onjugation an aet the SVD simultaneously in all of them, again resulting in an
essentially diagonal matrix.
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(ii) J is essentially diagonal and skew-Hermitian, hene it is permutation-similar to a diret
sum of skew-Hermitian 2× 2 matries,
Jk =
(
0 ak
−ak 0
)
, ak ≥ 0 (6)
with eigenvalues ±i|ak|. Sine A and J are similar, these are also the non-zero eigenvalues of A.
The integers rij = rank(aij) satisfy the inequalities
∑
j rij ≤ ni. These numbers form a
partial set of Uˆ -onjugation invariane for an equigeodesi vetor. A full set of invariants is
supplied by the singular values of eah blok aij .
Example 3.11. (i) Consider the ag manifold F(n;n1, n2, n3). Aording to Theorem 3.7, a
non-zero vetor X ∈ m, represented by the matrix A, is equigeodesi i the bloks a12, a13, a23
satisfy
a12 a23 = 0, a
∗
13 a12 = 0, a23 a
∗
13 = 0.
X is essentially blok diagonal i preisely one of these bloks is non-zero.
(ii) Let X be an equigeodesi vetor in F(n;n− 2, 1, 1). If the orresponding matrix A is not
essentially blok-diagonal then a23 = 0 and the vetors a12 and a13 are non-zero and orthogonal.
Under a simple basis hange in C
3
we may assume that a12 = (a, 0, 0)
∗
and a13 = (0, b, 0)
∗. Now
A is essentially diagonal, and its non-zero eigenvalues are ±ia and ±ib.
(iii) We an use the onverse proess to reate ompliated equigeodesi vetors from simple
ones. For example, in the ag manifold F(9; 3, 3, 3), we start with any essentially diagonal matrix,
say
A =


0 0 0
0 0 0
0 0 0
σ1 0 0
0 σ2 0
0 0 0
0 0 0
0 0 0
σ3 0 0
−σ1 0 0
0 −σ2 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 σ4
0 0 −σ3
0 0 0
0 0 0
0 0 0
0 0 0
0 0 −σ4
0 0 0
0 0 0
0 0 0


,
where σi > 0 for all i. Now, eah onjugation by an element of Uˆ := U ∈ U(3) ⊕ U(3) ⊕ U(3)
produes a new equigeodesi vetor.
In ase of the full ag manifold F(n) = F(n; 1, . . . , 1), the bloks aij are just omplex numbers,
and aijajm = 0 implies aij = 0 or ajm = 0. This proves the following result.
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Corollary 3.12. X ∈ m is an equigeodesi vetor in F(n) i A is essentially diagonal.
Thus, for example, the only equigeodesi vetors in F(3) are the obvious ones, whih belong
to the spaes u12, u23, u13. Observe that for any two positive roots α, β ∈ sl(3), neessarily α+β
or α− β is a root.
4 Closed equigeodesis
The loseness of a geodesi is a deliate question whih involves global onsiderations. How-
ever, Theorem 3.10 allows us to isolate a set of equigeodesi vetors whose assoiated homoge-
neous equigeodesi is neessarily losed.
First we provide an intuitive desription. If X is an equigeodesi vetor, we may assume
that its matrix A = J is already in anonial form, i.e. essentially diagonal. We interpret
the permutation similarity whih transforms J into a diret sum of 2 × 2 matries as in (6)
as an isometri overing of γ by a geodesi γ˜ on a torus; learly, if the eigenvalues of A are
ommensurate, γ˜, hene also γ, is losed. Otherwise, γ˜ is dense on the torus, but γ may or may
not be losed on the ag manifold.
A more rigorous treatment involves not just γ, but the whole Killing eld on the ag manifold
dened by γ. We start with the following denition.
Denition 4.1. Let M be a manifold. A vetor eld T ∈ X(M) is losed if every indued
trajetory is losed.
The following onstrution of the Killing eld X∗ assoiated with a given vetor X ∈ m is
standard (see, for example [4℄). We dene X∗ ∈ X(F(n;n1, . . . , nk)) via
X∗(pH) =
d
dt
((exp tX) · pH)
∣∣∣
t=0
.
If X is a homogeneous geodesi vetor then the orresponding homogeneous geodesi γ is the
trajetory of X∗ through the origin o, that is, γ(t) = φt(o). If X
∗
is losed, so is γ.
Clearly, X∗ is a Killing vetor eld with respet to any SU(n)-invariant metri. Namely,
the generated ow φt(·) = L(exp tX)(·) where La (a ∈ SU(n) is the left translation) is isometri.
It follows that the one-parameter transformation group dened by {φt}t∈R ⊂ SU(n) onsists of
isometries. Topologially, this group is either open (R) or losed (S1).
Theorem 4.2. (Flores et al, [9℄) Let T be a Killing vetor eld on a Riemannian manifold
(M,g). Then T is losed i the assoiated one-parameter group is S1.
Theorem 4.3. Let X ∈ m be an equigeodesi vetor in F(n;n1, . . . , nk) represented by the skew-
Hermitian matrix A. Then the orresponding Killing eld is losed i the eigenvalues of A are
ommensurate. This in partiular implies that the equigeodesi γ(t) = exp(tX) · o is losed.
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Proof: Let iθ1, . . . , iθn be the eigenvalues of A. The 1-parameter group of isometries generated
by X∗ is exp tA = U(exp tD)U∗, where D = diag(iθ1, . . . , iθn). Evidently this group is losed
(i.e. dieomorphi to S1) i θ1, . . . , θn are ommensurate. On the other hand, by Theorem 4.2
this group is losed i X∗ is losed.
If in Theorem 4.3 the eigenvalues are not ommensurate, the Killing eld is not losed, and
we do not know whether γ is neessarily open, or dense, in the ag manifold.
Remark 4.4. In the ase of full ag manifolds, this theorem establishes a onnetion between
losed equigeodesis and the equiharmoni non-holomorphi tori desribed by the third author in
[16℄.
Example 4.5. In F(4) onsider the equigeodesi vetor
X =


0 x 0 0
−x¯ 0 0 0
0 0 0 y
0 0 −y¯ 0

 .
The eigenvalues of X are ±i|x|,±i|y|. The equigeodesi determined by X is losed if x = 2 and
y = 3.
In the following simple ase we prove that the geodesi, rather than the Killing eld, is losed.
Proposition 4.6. In F(n), every vetor of the form X ∈ uα with α ∈ R
+
M is equigeodesi; and
the orresponding geodesi, γ(t) = exp(tX) · o, is losed.
Proof: The fat thatX is equigeodesi follows from Corollary 3.9. Our proof that the equigeodesi
is losed is based on Helgason's proof in [10℄ Ch. IV. The subspae uα is a Lie triple system
in the real Lie algebra su(n); namely, if X,Y,Z ∈ uα then [X, [Y,Z]] ∈ uα. Therefore, the
subspae g′ = uα + [uα, uα] is a Lie subalgebra of su(n) whih is isomorphi to su(2). Let G
′
be the onneted subgroup of G with Lie algebra g′ and M ′ the orbit G′ · o. We an iden-
tify M ′ with G′/(G′ ∩ T ), a submanifold of F(n), with ToM
′ = uα, see [10℄ Ch II. Note that
M ′ = SU(2)/S(U(1) × U(1)) = S2 and the indued Riemannian metri in M ′ is (up to saling)
the normal metri. This way, geodesis in F(n) with geodesi vetor in ToM
′
are of the form
exp(tX) · o where X ∈ uα, hene are urves in M
′
. Therefore, the immersion M ′ ⊂ F(n) is
geodesi at o. As G′ ats transitively on M ′, it is totally geodesi in the sense of [10℄. But
geodesis in S2 are losed.
We remark that geodesi urves are 1-dimensional real-harmoni maps, and in sympleti
geometry are losely related to 1-dimensional omplex-harmoni maps. In the proof of Theorem
4.6, an equigeodesi with tangent vetor X ∈ uα extends uniquely to an equiharmoni map
φ : S2 → F(n) with tangent spae uα.
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